ABSTRACT. The effect of stress on Lamb wave propagation is relevant to both nondestructive evaluation and structural health monitoring because of changes in received signals due to both the associated strain and the acoustoelastic effect. A homogeneous plate that is initially isotropic becomes anisotropic under uniaxial stress, and dispersion of propagating waves becomes directionally dependent. The problem is similar to Lamb wave propagation in an anisotropic plate, except the fourth order tensor in the resulting wave equation does not have the same symmetry as that for the unstressed anisotropic plate, and the constitutive equation relating incremental stress to incremental strain is more complicated. Here we consider the theory of acoustoelastic Lamb wave propagation and show how dispersion curves shift anisotropically for an aluminum plate under uniaxial tension. Theoretical predictions of changes in phase velocity as a function of propagation direction are compared to experimental results for a single wave mode.
INTRODUCTION
Lamb waves are important for both nondestructive evaluation (NDE) and structural health monitoring (SHM). Quasi-static stresses in a plate introduce nonlinear effects that influence the propagation of Lamb waves. Here we characterize the effects of a biaxial stress field on Lamb waves by combining the theory of acoustoelasticity for bulk waves [1] with that of Lamb wave propagation in anisotropic plates [2] . Numerical results are presented for uniaxial loads, and theory is compared to experiment for a single mode and frequency.
PROBLEM SETUP
Consider an infinite homogeneous isotropic plate having thickness d whose normal is aligned with the x 3 ƍ axis of a reference Cartesian coordinate system x i ƍ = (x 1 ƍ, x 2 ƍ, x 3 ƍ ) as shown in Figure 1 . Assume also that there are small homogeneous applied stresses ı 11 and ı 22 along x 1 ƍ and x 2 ƍ, respectively. The mid-plane of the plate is chosen to coincide with the FIGURE 1. Coordinate system for a Lamb wave propagating in a biaxially stressed plate.
x 1 ƍ-x 2 ƍ plane. To study the propagation of Lamb waves along a direction that makes an arbitrary azimuthal angle ‫‬ with the x 1 ƍ axis, we conduct our analysis in a transformed coordinate system x i formed by a rotation of the orthogonal reference axes x 1 ƍ, x 2 ƍ about the x 3 ƍ direction through the angle φ.
ACOUSTOELASTICITY
Acoustoelasticity refers to the stress dependence of acoustic bulk wave velocity in solid media [3, 4] . Presented in this section are several equations relevant to the problem under consideration; for details refer to [5] . The equation of motion for a medium under biaxial stress in the natural (undeformed) coordinate system is:
where u is the incremental displacement of the material particle (that is, the displacement due to the wave motion only), ρ 0 is the density of the unstressed material, and the coefficients A ijkl are given by,
where C is the 4 th order stiffness tensor, e i is the infinitesimal strain tensor associated with the initial strains (those due to the applied stresses), and δ ij is the Kronecker delta function.
Expressions for the coefficients of the A tensor are lengthy and can be found in [5] . A typical expression for one coefficient of the A tensor in terms of second order Lamé constants λ and μ, and third order Murnaghan constants l, m. and n is: The incremental stress strain relationship is given by:
where t is the second Piola-Kirchhoff stress tensor in the natural coordinate system. Expressions for the coefficients of the B tensor can also be found in [5] .
DISPERSION RELATIONS FOR A BIAXIALLY STRESSED ISOTROPIC PLATE
The theory for acoustoelastic Lamb waves is outlined here using the partial wave technique. The approach is to construct guided waves from up-going and down-going bulk waves (called partial waves) reflecting between boundaries of the plate in the x 1 -x 3 plane. Consider plane harmonic waves of the form,
where u i are the components of incremental displacement, ξ is the wave number of the guided wave, c is its phase velocity and ω its angular frequency, α is the ratio of the x 3 to x 1 wave numbers of the bulk (partial) waves, and U j are the displacement amplitudes. These displacements first have to satisfy the equations of motion. Substituting Eq. (5) into the wave equation (Eq. (1)) yields the acoustoelastic Christoffel equations:
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This equation determines the relationship between the guided wave phase velocity c and the direction of propagation of the partial waves α. For non-zero displacements amplitudes U j , the determinant of K mn must go to zero. Setting the determinant to zero yields a 6 th order polynomial in α with six solutions corresponding to six possible partial bulk waves that may participate in the formation of the guided wave: 0, , , .
This is illustrated in Figure 2 . The coefficients P n are complicated functions of phase velocity c and material properties, and are not shown here [5] . The total incremental displacement due the six possible partial waves is given by 
where the displacement amplitude ratios are V q = U 2q /U 1q and W q = U 3q /U 1q . Using the acoustoelastic incremental stress strain relationship, the stresses can then be expressed as: 
Invoking the stress-free boundary conditions (t 13 = t 23 = t 33 = 0) at the upper and lower faces of the plate (x 3 = ± d/2) gives us a 6 × 6 matrix whose determinant must be set to zero to get non-trivial solutions for displacements U 1q . This determinant decouples due to symmetries in D mn to yield two independent equations:
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NUMERICAL RESULTS
In this section, dispersion curves for a uniaxially stressed (σ 11 = 0, σ 22 ≠ 0) aluminum plate with nominal parameters listed in Table 1 are presented. Dispersion curves are solutions to Eqs. (12) and (13) and an outline of the numerical solution method is available in [5] .
Dispersion Curves
Dispersion curves for a uniaxial stress of σ 22 = 120 MPa and propagation angle of φ = 45° are presented in Figure 3 against a color map of function value log|f s | for symmetric modes and log|f a | for antisymmetric modes. The coupling of SH modes with the symmetric and antisymmetric modes is apparent in these figures (note that the nondispersive SH 0 mode is not shown).
Stress and Angle Dependence
Using arguments of symmetry combined with acoustoelastic change of bulk wave velocities with stress, we expect Lamb wave velocities to be functions of both stress and angle. Stress dependence is demonstrated for the S 0 mode at 200 kHz in Figure 4 . There is a change of about 20 m/s for an applied load of 120 MPa at this frequency. There is also a near linear dependence of phase velocity with stress, which is also true for acoustoelastic bulk waves.
The angle dependence of dispersion curves for the S 0 mode at 200 kHz is presented in Figure 5 . There are significant variations in phase velocity at this frequency with a change of about 60 m/s between 0 and 90°. The change in phase velocity with angle fits well to a sin(2φ) function. This characteristic is also exhibited by acoustoelastic bulk waves, and it is noteworthy that it carries over to acoustoelastic Lamb wave propagation as well.
The nature of the changes in phase velocity with applied stress and angle of propagation is highly dependent on the mode and frequency region of interest. Therefore, the results shown in Figures 4 and 5 should not be generalized without explicit computation of dispersion curves for the required mode and frequency. 
EXPERIMENTAL VERIFICATION
Signals recorded from ten circular PZT transducers bonded to a 6.35 mm thick aluminum plate subjected to varying uniaxial loads are used to validate theoretical results. Details of the experiment are available in [7] . The measurement of the time shift Δt of a constant phase point as a function of applied tensile load can be used to calculate the change in phase velocity Δc p from its value at no load.
( )
where c p 0 is the phase velocity at zero load (6029.9 m/s) and d 0 is the distance between the transducers in the natural (undeformed) coordinate system. Note that this equation is only valid for computing phase velocity changes in natural coordinates. Figure 6 shows the time shift data and compares computed changes in phase velocity with those calculated from theory. These data are for the S 1 mode at 600 kHz (for more details see [5] ).
CONCLUSIONS
The theory for acoustoelastic Lamb waves in isotropic plates has been developed by combining bulk wave acoustoelasticity with Lamb wave propagation in anisotropic plates. Numerical results were presented and it was shown that SH modes couple with symmetric and antisymmetric modes when stress is applied. Also, the variation of phase velocity with stress is very close to linear whereas the angular dependence closely fits a sin(2φ) curve; both of these behaviors are also the case for acoustoelastic bulk waves.
The anisotropic effects of applied stresses are significant and cannot be ignored for NDE and SHM applications using Lamb waves. Some modes are less susceptible to the effects of stress in some frequency regions, which could provide a basis for selection of modes and frequencies. 
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